The discrete models of the Toda and Volterra chains are being constructed out of the continuum two-boson KP hierarchies. The main tool is the discrete symmetry preserving the Hamiltonian structure of the continuum models. The two-boson currents of KP hierarchy are being associated with sites of the corresponding chain by successive actions of discrete symmetry.
Introduction
One of the challenging problems of the multi-matrix models is extraction of the continuum differential hierarchies from lattice hierarchies one encounters in these models. In a series of papers [1, 2, 3] a new proposal, different from the usual double scaling approach, was put up. It builds on a observation, which takes a specially simple form in the context of one-matrix model. There the relevant system is given by a spectral equation of the Toda chain. This equation can be rewritten in terms of pseudo-differential operator of the type one encounters in the study of continuum two-boson KP systems [1, 4] . Technically the trick one uses in this process involves taking equations of motion in order to rewrite the spectral equation in terms of fields defined on one lattice site only. One can then view this result as an indication that the lattice system can be decomposed in many disjoint but isomorphic KP hierarchies each associated with the separate lattice sites.
In this paper we uncover the connection between on one side the discrete Toda, Volterra and modified Volterra models [5, 6] and on another three continuum, integrable systems belonging to the class of two-boson KP hierarchies [7, 8, 4] . As noticed before [9] in case of one of these continuum models there exists in the two-boson KP models a new type of fundamental, discrete symmetry. Here we describe its role and properties in the larger context of three basic two-boson KP hierarchies. Furthermore we use this discrete symmetry to build the corresponding lattice models where it is realized as translation between neighboring sites. Due to canonical nature of this symmetry we can associate to each site the isomorphic KP system. Hence this part of our findings confirms early predictions of ideas contained in [1] . On the other hand the symmetry itself can be used to directly build the site objects out of the continuum objects in such a way that the continuum models appear to be solutions of the lattice equations.
The picture, which emerges from this analysis of the integrable systems considered by us, bears some resemblance to the concept of (trivial) fiber bundle framework in gauge theories. It is natural to associate the discrete symmetries and therefore translations between neighboring lattice sites with vertical direction along the fiber. For each site we can project on the equivalent copy of the continuum two-boson KP model. In this analogy the dynamics of the continuum KP model and that of its discrete counterpart take place in the orthogonal directions. Kinematics of the lattice system gives rise to symmetry operation on the continuum model. In this sense the continuum model due to its intrinsic discrete symmetry can be viewed as a solution of the lattice equations.
While working on this paper we have learned that authors of [10] are also aware of the connection between translations on the Toda lattice and the discrete symmetries of continuum integrable systems.
Symmetries of Two-Boson KP Systems
Here we present the main two-boson KP systems with an emphasis on properties allowing for establishing correspondence with lattice systems. It turns out that from the point of view of constructing the discrete versions of the two-boson KP models the main role is being played by the canonical transformations preserving Poisson and Hamiltonian structures. There are two types of such canonical mappings. The generalized Miura transformations map various two-boson KP hierarchies into each other [9] . They are in general associated with gauge transformations acting simply between Lax operators and possessing property of being canonical (symplectic) with Hamiltonians of one model being transformed into Hamiltonians of another one [11] . The Miura transformations will remain valid on the lattice connecting various discrete models.
Then there are discrete canonical mappings which act inside each hierarchy [9] . They are associated with translations on the corresponding lattice systems and are invertible. They preserve the Poisson and Hamiltonian structure of the two-boson KP hierarchies.
Because of simplicity of the discrete canonical mapping in the setting of the quadratic two-boson KP hierarchy we start with a short review of this model. Quadratic Two-Boson KP Hierarchy. Here the pseudo-differential operator is [7] :
Among the corresponding Poisson structures only second and third are local and are given by [12] :
In terms of P i [ ] we can express the i-th bracket as
The flow equations read in terms of Hamiltonians H r [ ] as:
For the lowest flow we find easily
Compatibility relation between various Hamiltonian structures can be put in the form of recurrence relation:
Hence we can express any multi-Hamiltonian structure in the quadratic two-boson hierarchy in terms of only P 2 [ ] and P 3 [ ] by recalling that
One of the main points of this section is the existence of an infinite, discrete transformation group Z g (isomorphic to integers), which keeps the Hamiltonian structure of the quadratic two-boson KP hierarchy invariant. This transformation group is generated by substitutions [9] : (7) and (8), meaning that
with g acting on both  and . Recalling that
, it is easy to convince oneself that a recurrence matrix
−1 as well as all remaining higher Poisson structures must therefore remain invariant under substitutions (7) and (8) . Hence g is an automorphism of all Poisson structures satisfying a relation:
with A and B being some arbitrary polynomials in  and . The rest of the proof goes by induction based on the Lenard relation { A ,
. From (10) we have:
Hence it follows that { g(A) , g(H r+1 ) − H r+1 } 2 for an arbitrary A. Especially, recalling the form of the bracket { · , · } 2 from (2) we have
is invariant too. Since one verifies easily by inspection that
) this completes the proof. Linear two-boson KP Hierarchy. The linear two-boson KP hierarchy is defined in terms of the Lax operator:
The corresponding multi-Hamiltonian structures have been studied in [8, 4] . This system contains three local Poisson structures P i [J] i = 1, 2, 3. We can express any Poisson structure
. The explicit form of first and second local Hamiltonian structures is:
The two lowest Hamiltonian functions are H 1 [J] = J and H 2 [J] = − J J with the lowest flow equation taking again the form ∂J /∂t 1 = J ′ ; ∂J /∂t 1 =J ′ . As in the quadratic two-boson KP hierarchy there exists the discrete transformation group Z G with generators defined as:
Again action of Z G leaves the corresponding Hamiltonian structure of the linear two-boson KP hierarchy invariant . This will follow from the Proposition 1 once we establish below a relation between the linear and quadratic two-boson KP hierarchies. Gauge Equivalence between Linear and Quadratic Two-Boson Hierarchies. Generalized Miura Map. Here we will show that the generalized Miura map connecting above two hierarchies takes the form of gauge transformation [9] , which preserves the bracket structure [11] . Let us transform the Lax operator L  from (1) by the gauge transformation generated by ξ = ( ( + ) − ln  ):
where we have introduced
One can now verify explicitly that with the bracket structure given by P 2 [ ] in (2) variables defined in (18) satisfy the second bracket structure P 2 [J] (14) of linear two-boson KP hierarchy. Relation (18) represents a Miura transform for two-Bose hierarchies, which generalizes the usual Miura transformation between one-Bose KdV and mKdV structures [9] . Note, that the existence of the transformation group Z g introduces an ambiguity in a possible form of generalized Miura transformation and (18) can also take other equivalent forms. Consider for instance:
It is easy to see that the substitution g takes (19) into (18) and ensures therefore the canonical character of (19). Miura transformation can be used to explain both the form of the discrete mapping G and its canonical property. It follows namely from (7) and (18) that
where we used once more the identification between two systems provided by (18). The same identity holds forJ showing that G = g 2 when quantities of linear two-boson KP hierarchy and quadratic two-boson KP hierarchy are connected via generalized Miura transformations. The Cubic Two-boson KP Hierarchy. We first establish link between the quadratic twoboson KP hierarchy and the KP hierarchy associated with so-called derivative Non-Linear Schrödinger (dNLS) system. This connection originates from the gauge transformation:
with the Miura map between variables of the quadratic two-boson KP hierarchy and dNLS hierarchy taking form
This Miura map is invertible and we find q = exp ( −  ) and r =  exp − ( −  ). From this relations we find that g(r) = q − r ′ /r 2 and g(q) = r. We now propose the following third Poisson bracket structure
We find that (22) maps the structure given in eq. (2) exactly to the above third bracket. The corresponding equations of motioṅ
correspond to the derivative NLS equations described in [13] . The second bracket of dNLS system is realized by:
and agrees with the second bracket of the quadratic two-boson KP hierarchy via the Miura map.
The dNLS hierarchy has a simpler structure than cubic two-boson KP hierarchy we are about to introduce. The Miura map (22) is invertible opposite to the Miura maps we have seen in (18) or (19). This will not be the case with the Miura map between the quadratic two-boson KP hierarchy and cubic two-boson KP hierarchy. In case of dNLS hierarchy one finds that due to increasing non-linearity of corresponding Lax operator the only local bracket appears to be connected with the third bracket structure. All remaining brackets can be shown to be non-local. This feature will also hold for the same reasons in the cubic twoboson KP hierarchy. We introduce the new hierarchy by defining the Miura transformation between the quadratic two-boson KP hierarchy and cubic two-boson KP hierarchy as
We can then define the cubic two-boson KP hierarchy by a set of Hamiltonians H n (r, q) obtained from H n [ ] by substitution (26). The third bracket structure of the cubic twoboson KP hierarchy is still given by (23) and maps under Miura (26) to the combination {·, ·} 3 + 4{·, ·} 2 of the quadratic two-boson KP hierarchy. Because of compatibility of these brackets the third Poisson bracket structure of the cubic two-boson KP hierarchy is welldefined and furthermore all Hamiltonians H n (r, q) are in involution. The discrete canonical mapping for the cubic two-boson KP hierarchy will be denoted by g 
One can show that (g 
Toda and Volterra Chain Systems.
Toda and Volterra chains. In this section we show that the dynamics given by the flow equation (5) of the quadratic two-boson KP hierarchy leads via discrete symmetries of Z g to Volterra chain equations. Similar observations hold for the remaining two two-boson KP hierarchies leading to the Toda and the modified Volterra equations. This construction yields on each lattice site a gauge copy of the corresponding continuum two-boson KP system. Proposition 2. The following equations hold in the quadratic two-boson KP hierarchy :
where t = t 1 . Proof. It is a matter of simple algebra to verify the following identity using (7) and the flow equation (5):
This proves (30) and essentially identical consideration leads to the proof of (29). Introducing definitions
we can rewrite (29) and (30) as:
Eqs. (33) and (34) can be casted in the more compact form of Volterra equation [5, 6] :
by associating A n and B n to V n in the following way
We have therefore constructed Volterra chain system out of discrete symmetry of the quadratic two-boson KP hierarchy. We have seen in the previous section that the quadratic two-boson KP hierarchy was connected in terms of generalized Miura transformation with remaining two two-boson KP hierarchies. We will now address the question what lattice systems can be obtained by the lattice version of the generalized Miura transformations seen above. Following relation (32) and definition (18) it is natural to define
where use was made of (34). Existence of the discrete symmetry g introduced an ambiguity in the way we could connect different two-boson KP hierarchies. Example of this ambiguity is given by an alternative definition of the Miura map in (19) . Following this alternative definition we can define
It is easy to check that both set of variables satisfy the equations of motion of the Toda chain:
Recalling definition of the discrete mapping G in the linear two-boson KP hierarchy we can rewrite definitions (37) and (38) as
For completeness we mention here a definition of the Toda chain in terms of τ -functions. This involves the quantities
which on basis of properties (15) and (16) of G symmetry satisfy equations:
from which the Hirota type of Toda chain equation:
follows easily. Corresponding construction for the Volterra chain objects involves both Toda systems (S n , R n ) and ( S n , R n ) as seen from
while from (38) we find:
This situation originates from the fact that both Toda and Volterra chain equations were constructed in terms of the G = g 2 symmetry and this symmetry "defines" the size of the lattice spacing entering lattice equations of motion in both (33), (34) as well as (41), (42). It is natural to use g symmetry intrinsic to the quadratic two-boson KP hierarchy to define another connection between Toda and Volterra systems. This introduces an idea of building the lattice system on "finer" spacing connected with g symmetry, which would describe more naturally the Volterra system. Dirac-Volterra equations. Here we use g symmetry to introduce a set of (Dirac-Volterra) equations:
where m is now allowed to take both integer and half-integer values. Compatibility of these two equations requires that (A m , B m ) satisfies Volterra equations (33), (34) for both halfinteger and integer values of m. Hence we have two set of Volterra systems both connected to the Toda system. The system based on integers connects to Toda via S n = g
2n (  ) with even powers of g appearing in the discrete Miura transformation, while the system based on half-integers connects to Toda via
with odd powers of g appearing in Miura map. These two systems constitute the total Dirac-Volterra chain consisting of integer and half-integer sites. Each of the corresponding sub-lattices connects independently to the "bigger" Toda lattice. Reproducing the Dirac-Volterra system requires therefore two Toda systems. Modified Volterra Chain. We will now extend our discussion of symmetry generating integrable lattice systems to the modified Volterra (MV) equation, which has the form [5, 6] :
MV equation connects to Volterra equation (35) via two discrete Miura maps:
(for simplicity we will take from now on the upper signs in (51)). Splitting the Modified Volterra lattice as in (36)
we can rewrite (50) in components as
while the Miura map (51) takes the form:
As a warm up exercise we first remove the constant "one" from all the above equations involving the MV objects. The result is given by equation [5] :
For K n and L n defined according to (52) we have the Miura relation
which is of the form of (22). Associate now  and with modes A n and B n as in (32) and let L n = g 2n (q) and K n = −g 2n (r), with (q, r) being objects of dNLS hierarchy. Next, recall the form of the g symmetry within the dNLS hierarchy. We see that eq. (57) in components is equivalent to the shift:
which corresponds to the action of g 2 in the (q, r) basis. After this discussion we return to the complete MV equation (50). We still let L n = (g 2n (q) and
2n (r) with (q, r) from the cubic two-boson KP hierarchy. Both L n and K n enter the MV equations (53), (54) which correspond to the lattice with spacing associated with acting with symmetry operation (g 2 . This is a reminiscent of the situation we encountered in case of Volterra equation. In order to associate lattice spacing to the fundamental symmetry operation g 1 2 we define a sub-lattice including both integer and halfintegers sites and define Dirac-MV equation as
These equations reproduce two sets of MV equations on half-integer and integer lattices, each associated via Miura transformations with set of Volterra variables.
Remarks
The main aim of this paper was to uncover connection between lattice and continuum integrable systems. It seems that one can view the continuum models as originating from the much bigger structure which contains both kinematics of continuum model as well of the lattice one. Each site can be associated to continuum model. In order of this structure to be consistent one needs a symmetry which treats each site as an gauge equivalent of the other. Alternatively one can view existence of the discrete equations as a consequence of the presence of this symmetry in the bigger structure. It seems natural to think about extension of conventional description of the integrable models in a way which would make transparent the presence of the extra discrete symmetry. A good point to start would be to generalize notion of the Lax operator in such a way that both usual and discrete symmetries could be implemented by the gauge transformations. It would also be interesting to see whether one finds a similar phenomena in case of KP hierarchies build of more than two (and possibly infinitely many) bosons. It is tempting to suspect that this will lead to classification of all internal KP symmetries.
Few remarks can also be made about mutual relations of three continuum models we have considered here. One feature which characterizes various two-boson KP hierarchies is a number of local Poisson brackets one encounters among the multi-bracket structures connected with the Hamiltonian structure of each model. The model with linear form of the Lax operator, which we call the linear two-boson KP hierarchy possesses three local brackets { · , · } i with i = 1, 2, 3. The first one (i = 1) takes the canonical form { X(y) , Y (y) } 1 = δ ′ (x − y), with X = J, Y =J being two conjugated objects of this model. The remaining two structures are non-abelian. As we now increase the non-linearity of the Lax operator passing to the quadratic two-boson KP hierarchy we find that only the bracket structures with i = 2, 3 are local and the canonical structure appears now for i = 2. The symplectic Miura map connecting linear two-boson KP hierarchy and quadratic two-boson KP hierarchy can therefore be understood as a Darboux map abelianizing the bracket i = 2 of the linear two-boson KP hierarchy. As we pass to the cubic two-boson KP hierarchy the non-linearity increases and we find only one local bracket structure for i = 3, which by the way has the canonical form. Hence connection between Miura maps from linear two-boson KP hierarchy to cubic two-boson KP hierarchy realizes the Darboux construction for the third bracket of the linear two-boson KP hierarchy. This observations are most likely partially responsible for fundamental role played by the models we are dealing with, as one does not expect a local bracket structures among more non-linear models, which implies difficulties for the construction of the corresponding Hamiltonian structures.
